It is logically possible that the trace anomaly in four dimension includes the Hirzebruch-Pontryagin density in CP violating theories. Although the term vanishes at free conformal fixed points, we realize such a possibility in the holographic renormalization group and show that it is indeed possible. The Hirzebruch-Pontryagin term in the trace anomaly may serve as a barometer to understand how much CP is violated in conformal field theories.
Introduction
The very existence of our human being relies on CP violation in an essential manner through Sakharov's condition on the baryogenesis. While the breaking mechanism of CP symmetry is encoded in the standard model by three generations and phases in Yukawa couplings as well as Yang-Milles theta terms, it is a difficult question to measure how much CP is violated in a given quantum field theory in a qualitative manner. The ultimate goal of our study is to seek the possibility to use the CP violating contribution to the trace anomaly for such a candidate.
Surprisingly, CP violation in conformal field theories have been rarely studied in literatures. To some extent, it is due to the restricted viewpoint or more or less folklore that the conformal symmetry is obtained by adding "inversion" symmetry to the Poincaré group. Although it is true that the successive application of inversion, translation and the second inversion gives the special conformal transformation, the converse is not necessarily true: the conformal field theory may not be invariant under the inversion. Mathematically speaking, the conformal group is SO(2, d), but with the inversion it is enhanced to O(2, d). Clearly, the latter contains the former, but it is the former SO(2, d) that is only required for the symmetry of quantum field theories.
The inversion, in the radial quantization, is nothing but the time reversal. The CPTtheorem tells us that whenever CP is violated, the time reversal must be broken. Therefore, we conclude that the CP violating conformal field theory cannot possess invariance under inversion. Technically speaking, studying the constraint from invariance under inversion is much convenient and probably the easiest way to obtain the form of correlation functions that are invariant under the special conformal transformation. The argument here, however suggests that the imposition might be too restrictive, and indeed it was demonstrated that it is the case.
In this paper, we discuss these usually overlooked aspects of conformal field theories with CP-violation. We discuss possible CP-violating terms in correlation functions of the energy-momentum tensor and its trace anomaly. In particular, we argue that it is entirely legitimate for the trace anomaly to have the Hirzebruch-Pontryagin density, which is parity odd. It is known that CP is preserved in any unitary free conformal field theories in four space-time dimension, so it is very difficult to show how they could appear in actual computations. In this paper, we take an alternative route by studying strongly coupled dual field theories with the help of the holographic renormalization group method. We show its actual existence by studying the holographic renormalization of the bulk CP violating gravitational theory.
The organization of the paper is as follows. In section 2, we discuss the consequence of CP-violation in correlation functions of the energy-momentum tensor and the trace anomaly. In particular, we argue that the Hirzebruch-Pontryagin density is a legitimate candidate of the trace anomaly in four-dimension. In section 3, we show how the CP-violating Hirzebruch-Pontryagin density can appear in the trace anomaly from the holographic renormalization method in five-dimensional AdS space with a CP violating action. In section 4, we present implications of our result in relation to the recently proved a-theorem for conformal fixed points and conclude.
CP-violation in energy-momentum tensor
Conformal algebra is the only natural space-time extension of the Poincaré algebra
with the dilatation symmetry
It possesses the additional generators K µ called special conformal transformation:
It is isomorphic to the Lie algebra SO(2, d), and it is known that the conformal algebra, consisting of (2.1), (2.2) and (2.3), is the largest bosonic space-time symmetry that acts non-trivially on S-matrix (in d > 2) of massless particles [1] .
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For later purposes, let us review the salient feature of the energy-momentum tensor.
The Poincaré invariance (2.1) demands that it is symmetric and conserved:
2) demands that its trace is given by the divergence of the so-called Virial current [2] [3] [4] :
Finally, the conformal invariance (2.3) demands that the Virial current can be expressed as a derivative: J µ = ∂ ν L µν so that the energy-momentum tensor can be improved to be traceless (see e.g. [5] ).
The alternative but restrictive way to see the conformal group would be to consider
The successive transformation of inversion, translation and the second inversion gives the special conformal transformation
Obviously the theory which is invariant under the inversion (together with the Poincaré invariance)
is invariant under the full conformal transformation, but the inversion is not necessarily required to have SO(2, d) conformal symmetry. Indeed, with the inversion, the symmetry group (rather than the algebra) is enhanced to O(2, d) (see e.g. [6] ), and the inversion lies in the disconnected component of the group.
In many correlation functions, however, it happens that the effect of the CP violation cannot appear simply due to the strong constraint coming from the special conformal transformation. For instance, all the scalar correlation functions are insensitive to the CP violation. To see a possibility to have a non-trivial CP violating contribution, let us consider the two-point function of the energy-momentum tensor on the flat space-time [7] [8]:
where
x 2 is the fixed parity even tensor, and the whole structure is entirely dictated by the SO(2, d) invariance with or without inversion. This result is valid in any space-time dimension except for d = 3, and we see that there is no CP violating term here. The exception appears only in d = 3.
1 Note that the algebraic consideration in [1] did not say anything about the global structure of the group. The inclusion of the fermion necessitates the inclusion of the spinor representations, and the symmetry group must be its double cover. Additional discrete space-time parities (e.g. CP symmetry) may or may not be the symmetry of the full theory.
There, we may have a possible parity violating term (see e.g. [9] [10]):
where sym means the symmetrization under µ ↔ ν and α ↔ β. This CP violating term is classified as a contact term (due to the delta-function in (2.5)), and the physical significance is a little bit subtle. The appearance of the CP violating term in threedimension has a deep connection with the parity anomaly because integrating out an odd number of massive fermions gives rise to effective gravitational Chern-Simons action that would generate the contact term (2.5). How this parity violating contact term can arise in the holographic computation was pursued in some literatures (e.g. [9] [11]). It is ultimately due to the gravitational theta term [12] 
γδ that violates the CP symmetry in the bulk four-dimensional gravitational theory.
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A somewhat related manifestation of the CP violation in (conformal) field theories in three space-time dimensional space-time is the expectation value of the energy-momentum tensor in the curved background. It can possess the parity violating term [13] :
Rδ ρ ν ) is the (traceless and conserved) Cotton tensor, which is intrinsic to three-dimension. Again the explicit appearance of ǫ µσρ suggests violation of parity. Since the Cotton tensor is traceless, there is no trace anomaly here.
The main focus of this paper is in four-dimensional space-time. As we have seen, in four dimension, there is no CP violating term in two-point function of the energymomentum tensor in conformal field theories. This is even true if we relax the conformal invariance to the mere scale invariance (with the Poincaré invariance intact) [14] .
In four-dimension, the dimensional analysis demands that the most general possibility of the trace anomaly (for an earlier review, see [15] [16] and references therein) be
aside from possible operator violation in non-conformal field theories. Here
R 2 is the square of the Weyl tensor while
2 In this paper, the Levi-Civita symbol is defined as a tensor rather than a tensor density. 3 The bulk gravitational theta term reduces to the boundary gravitational Chern-Simons term, and it directly gives the parity violating contact term in the boundary correlation function.
the Euler density. The last term ǫ αβγδ R αβµν R µν γδ is the parity odd Hirzebruch-Pontryagin density.
In conformal field theories, the Wess-Zumino consistency condition, which is essentially the requirement that the successive applications of the Weyl transformation must commute because the Weyl transformation is abelian, demands that b = 0 [17] The parity odd term, which has been neglected in many literatures, cannot be logically excluded. It satisfies the Wess-Zumino consistency condition [18] because the HirzebruchPontryagin density is Weyl invariant [16] . It may serve as a barometer that measures the violation of the CP in a given conformal field theory. In the rest of the paper, we would like to investigate the structure and the consequence of this term in the trace anomaly.
Of course, the Wess-Zumino consistency condition does not tell us whether we indeed have such a term. For this purpose, we need an explicit computation. What bothers us here is that the simplest computation of the trace anomaly is done in free field theories, necessarily at one-loop. It turns out that all the free conformal invariant field theories in four-dimension are actually invariant under CP, so the free field computation always predicts e = 0.
If this were the chiral anomaly, where the one-loop exactness is proved (known as the Adler-Bardeen theorem), this would be the end of the pursuit. If there were no anomaly at one-loop, there would be none in the full computation (at least to all orders in perturbation theory). Fortunately, the one-loop exactness is not true for the trace anomaly. We already know that the central charge a and c are not one-loop exact, and there is no reason why it should be so for the CP odd term with the "CP violating central charge" e. Indeed, to pick up the CP odd term in the trace anomaly, we need at least two-loop or higher (or even non-perturbative) contributions. To counter the suspicion for the very possibility to have the Hirzebruch-Pontryagin density in the trace anomaly, we would like to mention that there exists a free field computation for the self-dual (or anti-self-dual) two-form gauge field (i.e. B µν = ±ǫ µνρσ B ρσ )
in four-dimensional Euclidean-signatured space. The explicit heat kernel analysis of the propagator showed that the self-dual two-form gauge field gives rise to the trace anomaly
while the anti-self dual two-form gives rise to the trace anomaly
The geometrical reason why we obtained the Hirzebruch-Pontryagin density is rather clear:
the integrated anomaly will give the Hirzebruch signature, and it directly relates the zeromode of the two-form gauge field through the index theorem. The heat kernel computation is a simple manifestation of the famous Hirzebruch signature theorem:
The drawback of the free field computation here is that the restriction to the (imaginary) self-dual (or anti-self-dual) two-form field in Minkowski signature leads to nonunitarity. Therefore, the self-dual (or anti-self-dual) two-form gauge field considered here is not physical. However, it clearly demonstrates that the possibility of the HirzebruchPontryagin density in the trace anomaly is not something that can be thrown away immediately. 6 In the next section, we try to realize the emergence of the Hirzebruch-Pontryagin density in the trace anomaly from the holographic renormalization group approach.
The appearance of the CP violating Hirzebruch-Pontryagin density in the trace anomaly will affect the structure of the three-point functions of the energy-momentum tensor in flat four-dimensional space-time. In generic d-dimensional space-time, the structure of the three-point function of the energy-momentum tensor in conformal field theories with no parity violation, was studied in [7] [8]. Due to its complexity in appearance, we will 5 In the formula here, we have not introduced the ghost contribution which in any case would not affect the Hirzebruch-Pontryagin density. 6 Indeed, the appearance of the Hirzebruch-Pontryagin density is ubiquitous in non-unitary free field
computations. It has been demonstrated [24] [25] [26] that whenever the Lorentz group representation is not real (or not symmetric under the exchange of the two SU (2) in Euclidean signature), the contribution is non-zero. We would like to thank M. Duff for the correspondence.
not show the whole structure here, but if we take trace of one of the energy-momentum tensor, the result simplifies a bit and it reduces to contact terms
Here E C σκλρ,αγδβ = ∂C µσρν /∂C αγδβ , and we can find the explicit form in Appendix A of [8] .
Now with the CP violation, the three-point function must possess the additional term
(2.12)
We have not studied the structure of the full three-point functions with the CP violation due to its complexity. It would be interesting to see its structure, and verify whether there is any other structure whose origin is not related to (2.12). In particular, it would be exciting to see whether we have any free additional parameters besides the "CP violating central charge" e to completely determine the three-point function of the energy-momentum tensor with CP violation.
Holographic realization
We have seen that the free field (or one-loop) computation of the trace anomaly does not lead to the CP violating Hirzebruch-Pontryagin density because all the free unitary conformal field theories preserve CP. We may attempt computing the higher loop corrections, but in this section, we take an alternative approach based on the holographic renormalization group [27] to purse its possibility in strongly coupled dual field theories.
The toy model we will consider is the generalization of the model studied in [28] [29] [30] for a gravity dual of scale invariant but not conformal field theories. It is given by the fivedimensional Einstein gravity coupled with a self-interacting vector field with the action
In order to break the CP of the bulk gravity, we introduce the gravity-vector ChernSimons-like term
To make the variation principle well-defined, we may want to introduce the boundary term [31]
where n M is the normal vector and K AB is the extrinsic curvature.
The Chern-Simons-like term (3.2) is imperative to break the parity invariance of the gravitational bulk theory, and it is the same action that would generate the gravitational chiral anomaly of a conserved current in the boundary theory if A M were a gauge field.
This fact will be crucial in the field theory interpretation we will discuss later.
The condition of the scale invariance dictates that the metric must take the form of
We choose the potential We can see that the vector condensation does not backreact to the metric, so the geometry is still AdS space. Indeed, the solution is the same one studied in [28] [29] [30] in the context of the gravity dual of scale invariant but non-conformal field theory. Clearly, the extra Chern-Simons-like term did not affect the classical solution because dA = 0.
We want to study the holographic renormalization of the system by considering the Fefferman-Graham expansion of the metric
and evaluating the on-shell action. The on-shell action is divergent so we introduce the cutoff at z = ǫ. The logarithmic dependence of the on-shell action on the cutoff is then interpreted as the holographic trace anomaly. Aside from the usual term that gives the holographic realization of the parity preserving trace anomaly T µ µ = cF + aG, we can immediately find the counter-term necessary from the Chern-Simons-like term
by noting A = a We would like to give the interpretation of the CP-violating contribution to the trace anomaly in this model from the dual field theory. First of all, we recall that in scale but non-conformal field theory, the trace of the energy-momentum tensor is non-zero even in the flat space-time: rather it is given by the divergence of the so called Virial current
In our holographic description, the vector condensation A = a dz z is dual to the existence of the non-zero Virial current [32] . As we have mentioned, the current model serves as the gravity dual of sale invariant but non-conformal field theory due to the existence of the non-zero Virial current.
In our CP violating scenario, we assume that the Virial current contains the CP violating term, or in other words it is a chiral current. While the Virial current is not conserved, it is typical that some sort of equations of motion were used in deriving the equality (3.9). 7 Now, the key idea is that once we evaluate the equality (3.9) in the curved background, it is expected that the gravitational chiral anomaly for the Virial current 7 In renormalizable field theories, the trace of the energy-momentum tensor is typically given by φ 4 terms or Yukawa terms. To connect them to divergence of currents of dimension 3, we use the equations of motion.
J µ would give an additional piece in (3.9). Since we know that the gravitational chiral anomaly must contain the Hirzebruch-Pontryagin term [33] as
with possible CP non-violating contribution to the trace anomaly.
This is exactly what was happening in the holographic computation. The ChernSimons-like term we added is nothing but declaring that the current under consideration has a gravitational chiral anomaly. The fact that it is not gauge field and has a vacuum expectation value a dz z is the manifestation that it is not conserved and it is rather the Virial current appearing in the trace of the energy-momentum tensor. The combination of these two led to the CP violating Hirzebruch-Pontryagin term in the trace anomaly as expected in the field theory argument above.
Finally, let us note the following fact. The Virial current has an ambiguity so that it is only defined up to a conserved current. When the theory possesses an extra conserved chiral current J 
Discussions
In this paper, we have studied how the Hirzebruch-Pontryagin density can appear in the trace anomaly when the theory under consideration breaks CP symmetry. We have demonstrated its possibility in the holographic renormalization computation. Although we did not discuss it in the main part of the paper, if we introduced the background gauge field for the global symmetry, we would also be able to introduce the CP violating Chern-Pontryagin density ǫ µναβF µνFαβ , whereF µν is the corresponding field strength, in the trace anomaly of CP violating conformal field theories. The gravity dual would require the vector-gauge Chern-Simons-like term d 5 x √ gǫ M N LP Q A MFN LFP Q . By using the same mechanism discussed in the previous section, we are able to reproduce the trace anomaly with the Chern-Pontryagin density.
In a similar manner, we may imagine that the chiral current anomaly could include the parity even term such as ∂ µ J µ 5 =êF µν F µν in addition to the conventional parity odd term ǫ µναβ F µν F αβ in CP violating theories. After all, for the U(1) symmetry, it is known that the Wess-Zumino consistency condition does not forbid it. We know, however, according 8 It is important to note that it is not mandatory to cancel the CP violating term even if we have such an option. The choice of the large gauge parameter determines the theory on the curved space-time and our statement is that simply there are as many choices. The situation is closer to the parity violating contact term in three-dimensional conformal field theory reviewed in section 2. The choice of the contact term defines different theories (see [34] for a related discussion).
to the Adler-Bardeen theorem, at least to all orders in perturbation theory, there cannot be such a contribution. Not surprisingly, we did not find any gravity computation that gives the corresponding result as far as we tried. It would be interesting to give a proof of the no-go theorem from the holographic viewpoint.
Recently, the ingenious proof of the a-theorem was demonstrated in [35] [36] when the flow is between two conformal field theories. The theorem states that a function called "a", which is nothing but the coefficient in front of the Euler term in the trace anomaly, always satisfies the inequality a UV > a IR along the renormalization group flow for any pairs of conformal field theories. The crucial idea for its proof is to consider the Wess-Zumino term associated with the trace anomaly in the spirit of the anomaly matching. There, they only discussed the CP conserving trace anomaly, so it is important to understand what happens if we allow the CP violating trace anomaly we have discussed in this paper.
To begin with, let us consider the conformal invariant (non-universal) CP violating action for dilaton τ . There is none at the two-derivative level. At the four-derivative level, the only possible new term is the Hirzebruch-Pontryagin density: there is no CP violating contribution to the dilaton effective action. We thus conclude that the proof of a-theorem in [35] [36] is not affected by the existence of the CP violating contribution to the trace anomaly.
As we have mentioned in section 2, in non-conformal field theories, there may exist another "central charge" b that appears in R 2 term of the trace anomaly. In principle such a term can appear in the holographic computation of the scale invariant but nonconformal field theory. In the model we have studied in section 3, we did not find such a contribution but it is plausible that it would appear if we added the term like R M N A M A N to the gravity action, which breaks the AdS isometry in the gravity sector equation of motion with the vector condensation. It would be also interesting to verify how precisely b term does or does not affect the derivation of the a-theorem for non-conformal but scale invariant fixed points (see [37] for related studies).
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